We numerically and theoretically investigate electrodynamics of a metal-embedded semiconductor microdisk cavity. The electrodynamics of a cavity mode is discussed from the viewpoint of quantum mechanics, which clarifies the condition for high Q factor. Using numerical calculation, we optimize the cavity structure and show that the Q factor can be increased up to 1,700,000. Our study suggests that the metal-embedded cavity is a promising candidate for cavity quantum electrodynamics devices.
We numerically and theoretically investigate electrodynamics of a metal-embedded semiconductor microdisk cavity. The electrodynamics of a cavity mode is discussed from the viewpoint of quantum mechanics, which clarifies the condition for high Q factor. Using numerical calculation, we optimize the cavity structure and show that the Q factor can be increased up to 1,700,000. Our study suggests that the metal-embedded cavity is a promising candidate for cavity quantum electrodynamics devices. © Quality factor (Q factor) of cavity has been the focus of interest in optics, photonics and optoelectronics since the Purcell's discovery that spontaneous emission can be controlled by manipulating the photonic density of states with a cavity [1] . Various kinds of cavities have been proposed and demonstrated in order to achieve higher Q factor and smaller mode volume. For example, pillar microcavities based on distributed Bragg reflectors (DBRs) [2] , microdisk (μ-disk) [3] , sphere [4] , toroidal [5] resonators, and photonic crystal cavities [6] are now available as a cavity with high Q factor. Even though these cavities have high Q factors and small mode volumes, whole cavity structures generally occupy a relatively large amount of space compared with operating wavelengths. This relatively large cavity volume is basically due to the property of dielectric open cavities. On the other hand, metallic nanocavites are able to achieve small cavity volumes due to the metallic nature of strong confinement of electromagnetic (EM) fields.
Metallic nanocavities have been extensively studied for realizing nanolasers with miniaturized cavity volumes [7] [8] [9] [10] [11] . However, the cavity Q factors measured up to now remains low below ∼500 due to significant optical absorption of the constituent metals [7] [8] [9] [10] [11] . The metallic nanocavities have also been numerically characterized and the higher Q factors of ∼1700 [12] and ∼ 3400 [13] have been reported. Recently, higher Q factor about 5000 at room temperature [14] and 9000 at 20 K [15] have been demonstrated in a metal-embedded cavity. Al-though high Q factor in a metallic cavity has been experimentally demonstrated, the generation mechanism of the high Q factor is not fully clarified so far.
In this Letter, we present a theoretical and numerical study of high Q factor in a metal-embedded semiconductor μ-disk cavity. The electrodynamics of high Q mode is analyzed from the viewpoint of quantum mechanical particle subject to an effective potential. Using this analysis, we reveal crucial parameters to achieve higher Q factor. Following the theoretical study, we propose an optimized metal-embedded cavity and numerically explore high-Q cavity mode. We demonstrate a cavity mode with an ultra-high Q factor of 1,700,000. Let us consider a metal-embedded cavity shown in Fig. 1 . The cavity consists of a homogeneous semiconductor μ-disk with permittivity ε 1 and radius r. We assume that the μ-disk is embedded in a metallic medium with permittivity ε 3 . The metallic material is assumed to have small optical loss in the visible and near infrared regions. We insert a transparent dielectric spacer between the μ-disk and the metallic medium. The thickness of the dielectric spacer is t. As a numerical example, we assume that the semiconductor μ-disk, the transparent dielectric spacer and the metallic material consist of GaAs, silica (SiO 2 ) and silver (Ag), respectively. The refractive index of GaAs (n GaAs ) and SiO 2 (n SiO 2 ) are set to 3.5 and 1.46, respectively. The permittivity of Ag was taken from the literature [16] . We also assume the wavelength of light is 1000 nm. These parameters are similar to those in [14] . The computational domain is terminated by impedance boundary condition. Throughout this Letter, we performed numerical calculation based on a finite element method (FEM) using COMSOL Multiphysics. Since the resonance condition with respect to cavity structure is related to the radius (r) and height (h SC ) of the GaAs μ-disk, we fix these parameters and set r and h SC to 500 nm and 300 nm, respectively. Hence, we investigate the role of the height of the air region and thickness of silica in Q factor. We first investigate the role of the height of the air region in Q factor. Figure 2 (a) shows Q factor of the cavity as a function of the height of the air region. In this numerical calculation, we set the thickness of the silica spacer to 260 nm. The Q factor rapidly increases with the height of the air region. The Q factor curve also has a saturation feature when the core of the cavity is deeply embedded in a metallic material. In this Q-factor curve, the cavity mode is whispering gallery mode (WGM) with mode number 7 (see the inset in Fig. 2(a) ). These features are elucidated as follows. The height of the air region plays the role of coupling parameter of cavity mode to free space. In other words, the height of the air region can control the radiation loss from the top surface of the cavity. With increasing the height, the radiation loss to free space decreases. Therefore, the light confinement increases with the height, which results in the enhancement of Q factor. When the height of the air region exceeds a critical value, the radiation loss from the cavity is minimized, which is the reason of the saturation feature of the Q factor in Fig. 2(a) .
We next investigate the role of the thickness of the silica spacer in Q factor. Figure 2 (b) shows Q factor of the cavity as a function of the thickness of the silica spacer. In this numerical calculation, we set the height of the air region to 700 nm. There are two remarkable features in the Q-factor curve. With increasing the thickness of the silica spacer, the Q factor increases. When the thickness exceeds a critical value (260 nm in Fig. 2(b) ), the Q factor decreases. Namely, there exits an optimum value of silica thickness. In order to elucidate this feature, let us start with the vector Helmholtz equation in cylindrical coordinates: [∇ 2 + (ω/c) 2 ε i ] E( r) = 0, which is modified to the scalar Helmholtz equation
where f ( r) = r · E, ε i is the permittivity of material in i th region, and we assumed transverse wave : ∇ · E = 0 [17] . Here, we assume the μ-disk is infinite in the z direction. Namely, we consider an infinite cylinder in the z direction. We also introduce the azimuth angle dependence of the wave function as e −ilθ , where l is an integer. Moreover, we convert the radial wave function R(r) to the form u(r)/ √ r. Then, we obtain the wave equation for the modified radial function u(r) as
Here, formally introducing the virtual mass of photon as m * and multiplying −h 2 /2m * on the both side of Eq. (2), we can modify the wave equation to the form: where
Equation (3) has the formally-same form as the Schrödinger equation in 1 dimension. Therefore, electrodynamics in the cylinder which is infinite in the z direction is equivalent to the dynamics of a quantum mechanical particle subject to the effective potential. Henceforth, we move on the particle picture for easier understanding of the cavity-mode dynamics.
As an example of the effective potential, we consider the potential corresponding to the situation that a GaAs cylinder with radius 500 nm coated by SiO 2 is embedded in Ag. The material parameters of GaAs, SiO 2 and Ag are the same as those of the previous FEM calculation. We also set the wavelength of light and the azimuth number are 1000 nm and 7, respectively. Sincē h 2 /(2m * ) is a common factor of the effective potential and the energy level of light, it is convenient to consider the ratio between them. Then, we consider two cases: one is the case with thin SiO 2 spacer, the other is that of thick SiO 2 spacer. Under those parameters, we show the schematic of effective potential and the kinetic energy of the particle as a function of distance from the center of the cylinder in Fig. 3 . In Fig. 3(a) , we set the thickness of SiO 2 to 100 nm, which is much thinner than the critical thickness obtained in Fig. 2(b) . Around the GaAs/Silica interface, the effective potential curve in Fig. 3(a) has a valley of the potential under the energy level of light bounded by higher potential barriers. Namely, a bound state is formed around the interface. The bound state of light corresponds to a confined EM mode. A wave function of the bound state decays exponentially from the GaAs region. The penetration depth of the wavefunction (∼ λ/2n SiO2 ) is much longer than the silica spacer. Therefore, the wavefunction has high existence probability near the Silica/Ag interface. Hence, the particle near the Silica/Ag interface is strongly absorbed in the Ag region due to the ohmic loss of the metal, which results in low Q factor. Therefore, we conclude that thicker dielectric spacer is preferable for the reduction of metal absorption loss in Q factor.
Based on the above discussion, we set the thickness of the spacer to much thicker value. In Fig. 3(b) , we set the thickness of SiO 2 spacer to 760 nm, which is much thicker than the critical thickness. There are two valleys under the energy level of light bounded by higher potential barriers. One is around the GaAs/Silica interface and the other is Silica/Ag interface. Namely, two bound states are formed in this situation. From the viewpoint of quantum mechanics, we find the latter bound state is formed due to tunneling effect. The tunneling of light corresponds to the radiation from the cavity. The bound state near the GaAs/Silica interface decays exponentially from the interface and has low existence probability in the Ag region. Hence, the bound state near the GaAs/Silica does not reduce Q factor. However, the other bound state near the Silica/Ag interface has high existence probability near the interface. Hence, the Q factor of this situation is low as well as the case of thin spacer. Using the effective potential, we find that the silica spacer is preferable to be thick but should be thin so that the tunneling of the particle cannot occur. Therefore, the optimum thickness of the silica is given by the point at the intersection of effective potential with the energy level of light. We show the corresponding configuration of the effective potential and the energy level of light in Fig. 3(c) , where the thickness of the silica spacer is 298 nm. This thickness is close to the critical thickness in Fig. 2 . In this configuration, there is a bound state near the GaAs/Silica interface. The bound state is located away from the Ag region. Moreover, the tunneling effect of light is prevented due to the high potential barrier of Ag. All these features contribute to higher Q factor.
Let us confirm the validity of our discussion by numerical calculation. According to the previous discussion, the GaAs core should be deeply embedded in Ag so that the radiation loss from the top surface of the cavity is minimized. The thickness of the spacer between GaAs and Ag is preferable to be thick as long as the tunneling effect of light does not occur. Moreover, the effective potential analysis suggests that the permittivity of the transparent dielectric spacer should be small. The smaller permittivity in the dielectric spacer region makes the potential barrier in the region higher, which enhances the confinement of light in the GaAs core. Based on the above analysis, we optimized the cavity structure to increase the Q factor. We show the result in Fig. 4. Figures 4(a) and (b) show the schematic of the optimized metal-embedded cavity structure. The GaAs μ-disk is on silica layer, which is basically the same structure as that of Fig. 1 . The main difference is that the lateral μ-disk surface is surrounded by air. The structure parameters are shown in Fig.  4(b) . h Air , h SC and h SiO 2 shown in Fig. 4(b) are 600 nm, 600 nm, and 450 nm, respectively. The thickness of the air spacer, t Air , is 430 nm. This value is much thicker than the optimum value 260 nm given in Fig. 2(b) . The optimum thickness of the spacer increased without allowing the tunneling effect of light, which is due to the higher potential barrier in the air spacer region. Fig-Fig. 3 . (Color online) Effective potential as a function of radius of the μ-disk cavity for the case of thin (a), thick (b) and optimum (c) spacers. The potential curve and the energy level of light are drawn by the red and broken black lines, respectively. The green-, blue-and gray-shaded area correspond to the GaAs, silica and Ag regions, respectively. The spatial profiles of the cavity mode are drawn by black lines. ures 4(c) and (d) show the electric field intensity distribution of the optimized cavity mode. The cavity mode is TE-polarized and its mode number is 7. The field distribution indicates that the photon in the cavity is strongly confined in the GaAs μ-disk. Moreover, the intensity of the cavity mode inside the μ-disk becomes maximum away from the lateral surface of the μ-disk. This field distribution is preferable for reduction of the surface scattering loss.The Q factor of the cavity mode is calculated to be about 1,700,000. In this ultra-high Q factor, we estimated Q factors attributed from the radiation at the top surface of the cavity and effective metal absorption loss at 1.0 × 10 8 and 1.7 × 10 6 , respectively. This ultra-high Q factor indicates that the metallic loss of the cavity mode can be strongly reduced by optimizing the material parameters of the dielectric spacer region. As well as Q factor, we focus on mode volume of the cavity mode. Figure 5 shows the Q factor and mode volume of the metal-embedded cavity as a function of mode number of WGM. In this numerical calculation, we only changed the radius of the optimized cavity. We find that the metal-embedded cavity has several ultra-high Q factors and the mode volumes are comparable with (λ/n GaAs ) 3 . This result indicates that the metal-embedded cavity can achieve both of ultra-high Q and small mode volume. The obtained ultra-high-Q cavity mode is TE-polarized. It is also worth considering the polarization dependence of the Q factor. Since the particle picture based on the Shrödingerlike equation (3) cannot include the polarization of cavity mode, we consider the polarization dependence of the Q factor from the viewpoint of the Maxwell boundary condition (MBC). The MBC requires the continuity of the vertical component of electric displacement across a boundary:
where the superscripts M and D indicate a quantity in the metallic and dielectric regions, respectively. The symbol ⊥ indicates the vertical component of the labeled quantity. Namely, the electric field in the metallic region is strongly reduced due to high permittivity of metallic material. This reduction of electric field in the metallic material is preferable for high Q factor. Therefore, the cavity mode with TE polarization has high Q factor in a metal-embedded cavity.
In conclusion, we numerically and theoretically investigated electrodynamics in a metal-embedded semiconductor μ-disk cavity. In particular, we analyzed the radiation and metallic absorption loss from the viewpoint of quantum mechanical particle subject to an effective potential. We showed that there exists a critical thickness of the dielectric spacer to reduce the metallic absorption loss of cavity mode, which is the consequence of the tunneling effect of light and a bound state near the metal region. Based on these findings, we proposed the optimized cavity structure that increases the effective potential barrier. We demonstrated that the Q factor of the cavity mode can be increased up to 1,700,000 in the optimized metallic cavity. Our numerical study suggested that the metal-embedded cavity has a potential to show ultra-high Q factor. Moreover, we would like to note that the metal-embedded cavity has high extraction efficiency of single photons emitted from a semiconductor quantum dot placed inside the similar metallic nanostructure [18, 19] . We can control both of the Q factor of the cavity mode and the photon extraction through the radiation to surface by adjusting the height of the air region. These features indicate that the metal-embedded cavity is one of the promising candidates for cavity quantum electrodynamics (QED) devices.
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